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Abstract: We present a model of Moyal-type noncommutativity with time-
depending noncommutativity parameter and the exact gauge invariant action for
the U(1) noncommutative gauge theory. We briefly result the results of the analysis
of plane-wave propagation in a regime of a small but rapidly changing noncommu-
tativity.
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1. Introduction
There are many arguments that the picture of smooth space-time should change
when approaching the Planck scale. Similarly as in the case of classical and quantum
physics, when classical limit is recovered from the quantum description for macro-
scopic objects, we are probably in a need of a similar approach to describe in a
consistent way the quantum theory of gravity. Apart from the model-independent
considerations, such as black hole formation limits in quantum mechanics [1] leading
to uncertainty relations for spacetime coordinates, there are interesting models in
which noncommutativity appears explicitly (see [2] and reviews [4, 5] for an exhaus-
tive list of string-related references).
It should be stressed that there is more to noncommutative geometry than the
particular type of the Moyal deformation, which appears in the above mentioned
string-motivated theories. In particular, quite appealing are the appearances of finite
noncommutative geometry in the Standard Model, where the Higgs field is recovered
as the connection field in the finite-geometry [6]. Matrix geometries like fuzzy man-
ifolds are another possibility both as approximations or effective geometries at some
energy scales [7]. On the other hand, quantum deformations (see, for instance, [8]
for a review of links with physics) offer a vast realm of models with well-defined
deformations of symmetries.
In this paper we shall suggest a simple model, which extends the idea of a static
or a global noncommutativity towards the time-dependent or a local one. Clearly,
in general, such models will not provide an effective description of a flat space time.
However, we believe that while considering real physical models, which are not static,
– 1 –
like, for example, in cosmology, in black hole formation or even particle interactions,
we need to consider a possibility that the effective noncommutativity, which might
arise in the picture could be as well space- and time-dependent.
2. Moyal deformation and its generalizations
We shall begin by recalling different formulations of the Moyal deformations of R4
(though clearly it could be realised in any dimension).
On the level of generators the algebra could be described as defined by (selfad-
joint, at least formally) generators xµ and relations:
[xµ, xν ] = iθµν , (2.1)
where θµν is a real, constant, antisymmetric matrix. This provides an algebraic
description, though restricts it, basically, to the polynomial algebra. Therefore, it is
more convenient to consider the deformation on the level of smooth (C∞) functions,
where it becomes a nonlocal deformation of the usual product on the vector space of
functions:
f(x) ∗ g(x) = e
1
2
i∂xµθ
µν∂
y
ν f(x)g(y)|x=y. (2.2)
Although for practical reasons one works mostly with smooth functions we may as
well find out [11] that the deformation is defined as well for the continuous (and
bounded) functions, using oscillatory integrals:
f(x) ∗ g(x) =
∫
R4
∫
R4
d4z d4y f(x+ θ(z))g(x+ y)e2pii(y·x). (2.3)
where θ(z) = θijzj and x · y is the standard scalar product of two vectors.
It is a nice exercise that both (2.2) and (2.3) give (2.1) when applied to mono-
mials.
The differential structures remain almost the same as in the undeformed case, in
fact one can extend the linear isomorphism between the deformed and undeformed
functions onto the entire differential complex.
2.1 The time-dependent noncommutativity
It was observed [2, 3] that in the string theory the effective geometry of space time
generated by strings in the background of a constant B-field yields the Moyal defor-
mation. As this corresponds to a flat brane embedded in a flat background space one
may ask what picture might arise from considering curved branes or curved back-
grounds. The modifications of the Moyal star product in this case were studied in
details in [9], where the it was shown that in the topological limit the deformation is
given by the Konstevich star product in the symplectic case or by the nonassociative
version of the product in the most general situation:
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f ∗ g = f g + 1
2
αab∂af ∂bg −
1
8
αacαbd(∂a∂bf)(∂c∂dg)
− 1
12
αad∂dα
bc(∂a∂bf ∂cg − ∂bf ∂a∂cg) +O(α
3),
(2.4)
where αab depends on the combination of B and F fields on the brane [9]. Gen-
erally the deformation (2.4) is quite complicated, however, there exist some special
cases in which the modification of the commutation relations is minor.
One of the simplest possible models arises when we assume that αab depends
only on one variable and, in addition, its component in this direction vanishes:
αab∂bα
cd = 0.
A particular solution of this condition is:
αµ0 = α0µ = 0,
∂iα
jk = 0,
which leads to the construction of a time-dependent noncommutativity of space co-
ordinates:
[xi, xj] = iθij(t),
[xi, t] = 0,
(2.5)
where θij(t) is a smooth funcion of t valued in antisymmetric real matrices. For
arbitrary smooth functions (identified as elements of the vector space of the deformed
algebra) the product could be written as:
f(x) ∗ g(x) = e
1
2
i∂xi θ
ij(t)∂y
j f(x)g(y)|x=y. (2.6)
It could be argued that such ”dynamical noncommutative manifolds” are as good
object as the normal manifolds or deformed ones [12]. They might give an insight as
to whether noncommutavity could be treated within nontrivial dynamical systems
and whether it might have evolved with the cosmological evolution or, for instance,
it could accompany the creation of black holes.
Let us consider functions on R4, which, satisfy (for the polynomials) have the
commutation relations (2.5). In our case, when we consider a general construction,
the function θ can a priori be arbitrary, in particular, it could interpolate between
the highly noncommutative and commutative regime.
What changes in comparison with the θ = const case is the differential calculus:
t dxi = dxi t
xi dt = dt xi
[xi, dxj] =
(
1
2
iθ˙ij + Aij(t)
)
dt,
(2.7)
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where Aij = Aji is any symmetric matrix. The change is only on the level of com-
mutations between the forms and the functions, as the products of the generating
forms do not change at all:
dxµ dxν + dxν dxµ = 0. (2.8)
The commutation rules between differentials and the arbitrary functions are:
f(x) dxj = dxj f(x) +
(
1
2
iθ˙ij + Aij(t)
)
(∂if(x)) dt (2.9)
We use the usual R4 partial derivatives ∂µ, however, note that due to noncomutativity
(2.6) they no longer must obey the Leibniz rule, in particular we observe that:
∂t(f ∗ g) = (∂tf) ∗ g + f ∗ (∂tg) +
(
1
2
iθ˙ij + Aij(t)
)
(∂if) ∗ (∂jg). (2.10)
As a final remark of this section let us observe that the standard conjugation
on the vector space of complex-valued smooth functions on R4 is still a well defined
conjugation of the deformed algebra: i.e:
(f ∗ g) = g¯ ∗ f¯ , (2.11)
and that it extends on the differential algebra so that all dxµ are selfadjoint.
It is easy to see that the considered time-dependent deformation have the same
trace (integral) as the usual one, therefore we shall have:∫
f ∗ g =
∫
d4x f(x)g(x). (2.12)
and ∫
(∂µf) = 0. (2.13)
Note that in the commutation relations for differentials there are two terms of
different origin: the derivative of θij, which is connected to the dynamical deforma-
tion of space-time and the term proportional to an arbitrary symmetric matrix Aij(t).
The latter is in no way related to our deformation, hence we shall put Aij(t) = 0
throughout the rest of this paper.
3. Klein-Gordon equation
Although there is no natural Hodge star on the differential algebra, which we have
constructed in the previous section (at least not as a bimodule map, still a left-module
Hodge map exists and is a straightforward generalisation from the undeformed case)
we have a natural metric understood as a bimodule map
g : Ω1(A)⊗A Ω
1(A)→ A,
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given by (for instance):
g(dxi, dxj) = −δij , g(dxi, dt) = 0 = g(dt, dxi), g(dt, dt) = 1.
Then we might consider the dynamical scalar field action of the form
SΦ =
∫
g(dΦ, dΦ∗) =
∫
ηµν(∂µΦ)(∂νΦ)
∗, (3.1)
where η denotes the tensor components of the above defined flat Minkowski
metric (+,−,−,−). The resulting wave equation is formally the same:
ηµν∂µ∂νΦ = 0. (3.2)
though we must take into account that ∂t is not a derivation.
It appear, however that on functions, which depend only on linear functions of
spatial coordinates, that is: f = f(t, kixi) all partial derivatives are derivations, let
us verify it on (kixi)
2:
∂0(kixi)
2 =
1
2
θ˙ijkikj = 0,
because θ is antisymmetric. Extending the results on all polynomials (by induc-
tion) we might conclude that the canonical solution of the Klein-Gordon equation
on the dynamical noncommututative deformation we present is the same as in the
undeformed case Φ = Φ(kµx
µ) for any null vector kµ, k
2 = 0.
4. Gauge theory
The principal change in noncommutative gauge theory is the appearance of gauge-
field self-interaction terms (nonlocal from the commutative point of view) for the
U(1) gauge field theory. A noncommutative gauge connection is an antiselfadjoint
one-form Aµdx
µ, for which the gauge strength field is F = dA+ AA.
First of all, unlike in the commutative case the components of the gauge potential
shall not be imaginary functions: that shall be true only for the spatial components,
whereas the time component shall be composed of an arbitrary imaginary field and
have a part depending of the other fields:
A0 + (A0)
∗ =
1
2
iθ˙ij(∂iAj). (4.1)
Moreover, in the case of time-dependent noncommutativity we have, in addition
to the appearance of the usual nonlinear terms, the problem of the proper definition
of the gauge invariant Yang-Mills action.
Since, due to (2.9) functions do not commute with differentials, the rules of gauge
transformations for the components of the field strength are:
F ′ij = U
†
∗ Fij ∗ U (4.2)
F ′0i = U
†
∗ F0i ∗ U +
1
2
iθ˙kjU † ∗ Fij ∗ (∂kU), (4.3)
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where
Fij = ∂iAj − ∂jAi + [Ai, Aj], i < j,
F0i = ∂0Ai − ∂iA0 + [A0, Ai]−
1
2
i
(
θ˙mnAn ∗ (∂mAi)
)
.
(4.4)
Clearly, FijF
ij remains gauge covariant but F0iF
0i is not. However, let us observe
that we can easily find a gauge covariant expression F˜0i:
F0i −
1
2
iθ˙kjFij ∗ Ak. (4.5)
The additional term transforms like:
1
2
iθ˙kj ∗ U † ∗ Fij ∗ Ak ∗ U +
1
2
iθ˙kj ∗ U † ∗ Fij ∗ (∂kU),
and exactly cancels the corresponding additional term in the transformation rule of
Fi0. Then the term, which would contribute to the gauge-invariant action, F˜0i, reads:
F˜0i = ∂0Ai − ∂iA0 + [A0, Ai]−
1
2
iθ˙kj (Fij ∗ Ak + Aj ∗ (∂kAi)) .
Finally, we can propose the gauge invariant action:
S =
∫ ∑
i<j
(Fij ∗ F
∗
ij)−
∑
i
(F˜0i ∗ F˜
∗
0i), (4.6)
which, in addition to the standard terms of classical electrodynamics contains
the corrections resulting from the dynamical character of noncommutativity of space.
We shall analyse these corrections in more detail for the example of plane-waves.
5. Physical effects in dynamical noncommutativity
In this section we shall briefly discuss the potential observable physical consequences
of the dynamical noncommutativity. In what follows we shall always assume that
the parameter θ, which determines the strength of noncommutativity is negligible,
however, its time variation is not. Therefore we shall skip all the terms proportional
to θ and keep only the lowest order corrections in θ˙. This corresponds to the intuitive
picture of short rapid ”bursts” of noncommutative in the past history of the universe.
We shall concentrate on the perturbation to the propagation of electromagnetic waves
caused by such events, using the earlier derived action (4.6) and assuming that the
gauge potential is of the plane-wave form to investigate the model.
First, note that we have to take into account the nonlinear form of the anti-
selfadjoint condition (4.1), thus leading to:
Ai = ipif(ωt+ kix
i),
A0 = ip0f(ωt+ kix
i)− 1
4
θ˙ij(kipj)f
′(ωt+ kix
i).
(5.1)
where pµ, ki are fixed (real) vectors and ω is a (real) constant.
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For the components of the field strength we have:
F0i = i(ωpi − kip0)f
′ + 1
2
if ∗ f ′θ˙jk(kjpkpi) +
1
4
f ′′θ˙jk(kjpkki),
Fij = i(kipj − pikj)f
′ (5.2)
The gauge-covariant term obtained as a correction of Fi0 will be:
F˜0i = F0i −
1
2
iθ˙jkkjpipkf
′ ∗ f
= i(ωpi − kip0)f
′ − 1
2
iθ˙jkkjpipk(f
′ ∗ f + f ∗ f ′)
+ 1
4
f ′′θ˙jk(kjpkki).
(5.3)
The action for the plane-wave Ansatz reads:
−
(
~k2~p2 + 2(ωp0)(~k~p)− (~k~p)
2 − ω2~p2 − p20
~k2
) ∫
(f ′)2
− 2kjpk
(
ω~p2 − p0(~k~p)
) ∫
θ˙jkf ′ ∗ f ′ ∗ f
+ o(θ˙),
(5.4)
where we have omitted terms of higher order in θ˙, and we have used the trace property
of the integral (2.12).
Let us see for a while what might be the consequences of the additional term,
which appears in the effective action for the electromagnetic plane wave. First of all,
the lowest order local term for the self-interaction is of third order in the field A. It
vanishes only if the wave is θ˙ polarised, that is if θ˙ijkipj = 0. Since the correction
parameter is itself a function of time, of which we have assumed that its derivative is
(relatively) significant we cannot treat the additional term as a constant modification,
which might modify the dispersion relation. Instead the highly nonlinear character
of the term suggests rather that one would expect the dynamical noncommutativity
to induce effects similar to these of nonlinear optics, and, in particular, the frequency
doubling of electromagnetic radiation, which is, in principle, measurable.
Above, we have taken only the simple example based on the pure U(1) gauge
theory in our model of dynamical noncommutativity, which we interpret as electrody-
namic - to see whether there could be some observable consequences. As we can see,
even on the pure classical level the answer is positive: dynamical noncommutativity
adds some nontrivial corrections leading to nonlinear selfinteractions of electromag-
netic potential, while still keeping the gauge invariance of the theory intact. Still,
potentially even more interesting effects might appear on the level of interactions
between light and matter, in particular, in the possible corrections to the atomic
spectra coming from dynamical noncommutativity.
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